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Abstract
Let C be an irreducible smooth projective curve defined over an algebraically closed field k. Let G
be a semisimple linear algebraic group defined over the field k and P ⊂ G a proper parabolic subgroup.
Fix a strictly anti-dominant character χ of P . Let EG be a semistable principal G-bundle over C. If the
characteristic of k is positive, then EG is assumed to be strongly semistable. Take any real number  > 0.
Then there is an irreducible smooth projective curve C˜ defined over k, a nonconstant morphism
φ : C˜ −→ C,
and a reduction of structure group ÊP ⊂ φ∗EG of the principal G-bundle φ∗EG to the subgroup P , such
that the following holds:
degree(ÊP (χ))
degree(φ)
< ,
where ÊP (χ) is the line bundle over C˜ associated to the principal P -bundle ÊP for the character χ of P .
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Let k be an algebraically closed field of arbitrary characteristic. Let G be a semisimple linear
algebraic group defined over k. Fix a proper parabolic subgroup P of G. We also fix a strictly
anti-dominant character χ of P .
Let EG be a principal G-bundle on an irreducible smooth projective curve C defined over the
field k. Take any triple (Y,ψ,EP ), where Y is an irreducible smooth projective curve defined
over k,
ψ :Y −→ C
is a nonconstant morphism, and
EP ⊂ ψ∗EG
is a reduction of structure group of the principal G-bundle ψ∗EG over Y to the subgroup P of G.
Let EP (χ) be the line bundle over Y associated to the principal P -bundle EP for the character
χ of P .
Assume that for all triples (Y,ψ,EP ) of the above type (but for fixed P and χ ) the inequality
degree
(
EP (χ)
)
 0
holds. In [1] it was proved that such a principal G-bundle EG is strongly semistable; see [1,
p. 772, Proposition 4.3].
Our aim here is to prove the following theorem (see Theorem 2.3):
Theorem 1.1. Fix P and χ as above. Let EG be a semistable principal G-bundle over an irre-
ducible smooth projective curve C defined over k. If the characteristic of k is positive, then EG
is assumed to be strongly semistable. Take any real number  > 0. Then there is an irreducible
smooth projective curve C˜ defined over k, a nonconstant morphism
φ : C˜ −→ C,
and a reduction of structure group EP ⊂ φ∗EG of the principal G-bundle φ∗EG over C˜ to the
subgroup P , such that
degree(EP (χ))
degree(φ)
< .
2. Reduction of structure group of a pullback
Let k be an algebraically closed field. Let C be an irreducible smooth projective curve defined
over k. The genus of C will be denoted by g. If the characteristic of k is positive, then the
Frobenius morphism C −→ C will be denoted by FC . For any integer j  1, let
F
j
C :=
j -times︷ ︸︸ ︷
FC ◦ · · · ◦ FC :C −→ C (1)
be the j -fold composition of the self-map FC of C.
Let G be a semisimple linear algebraic group defined over the field k. Fix a proper parabolic
subgroup P of G. Also, fix a strictly anti-dominant character χ of P . This means that the line
bundle τχ over G/P defined by χ is ample. We recall that the sheaf of sections of the line bundle
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character χ .
Let EG be a principal G-bundle over C. We recall that EG is called semistable if for each
proper parabolic subgroup Q ⊂ G, and each reduction of structure group EQ ⊂ EG of the
principal G-bundle EG to the subgroup Q, the following holds: for each strictly anti-dominant
character λ of Q, the line bundle over C associated to the principal Q-bundle EQ for the char-
acter λ is of nonnegative degree. A principal G-bundle EG over C is called strongly semistable
if the pullback (F jC)∗EG is a semistable principal G-bundle for all j , where F
j
C is defined in (1).
See [3,4] for more details.
For convenience, when the characteristic of k is zero, a semistable principal G-bundle over C
will also be called a strongly semistable principal G-bundle.
Fix a strongly semistable principal G-bundle EG over C. Consider the natural projection
f :EG −→ EG/P =: M. (2)
It defines a principal P -bundle over the quotient space M . Let L be the line bundle over M
associated to this principal P -bundle for the given character χ . We recall that the sheaf of sections
of L is the P invariant direct image, for the projection f in (2), of the trivial line bundle over EG
on which the group P acts through the character χ .
Lemma 2.1. Let EG be a strongly semistable principal G-bundle over C. Let ξ be a line bundle
over C such that degree(ξ) > 2g, where g = genus(C). Then the line bundle L ⊗ f ∗ξ on M is
very ample, where f is the projection in (2), and L is defined above.
Proof. Consider the G-module Vχ := H 0(G/P, τχ ), where τχ , as before, is the line bundle over
G/P defined by χ ; the action of G on τχ , which is a lift of the left-translation action of G on
G/P , induces an action of G on Vχ . The direct image f∗L over C is canonically identified with
the vector associated to the principal G-bundle EG for this G-module Vχ . The group G being
semisimple does not admit any nontrivial character. In particular,
∧top
Vχ is a trivial G-module.
Hence the line bundle
detf∗L :=
top∧
f∗L,
which is the line bundle over C associated to the principal G-bundle EG for the trivial G-module∧top
Vχ , is trivializable. From the fact that EG is strongly semistable it follows that the associated
vector bundle f∗L over C is semistable [4, p. 288, Theorem 3.23].
Any ample line bundle over G/P is very ample. Therefore, from the given condition that the
character χ of P is strictly anti-dominant it follows that the line bundle τχ over G/P defined by
it is very ample. Hence the restriction of the line bundle L ⊗ f ∗ξ to any fiber of the map f is
very ample.
Let KC denote the canonical line bundle of the smooth curve C. Fix k-rational points x, y ∈ C
which are not necessarily distinct. The vector bundle ξ∗ ⊗OC(x + y) ⊗ KC ⊗ (f∗L)∗ over C
is semistable because f∗L is so. As degree(f∗L) = 0 (recall that the line bundle detf∗L is
trivializable), the given condition that degree(ξ) > 2g implies that
degree
(
ξ∗ ⊗OC(x + y) ⊗ KC ⊗ (f∗L)∗
)
< 0.
Since ξ∗ ⊗OC(x + y)⊗KC ⊗ (f∗L)∗ is a semistable vector bundle of negative degree, we have
H 0
(
C,ξ∗ ⊗OC(x + y) ⊗ KC ⊗ (f∗L)∗
)= 0.
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(
C,ξ ⊗OC(−x − y) ⊗ f∗L
)= 0. (3)
Consider the short exact sequence of coherent sheaves
0 −→ ξ ⊗OC(−x − y) ⊗ f∗L −→ ξ ⊗ f∗L −→ (ξ ⊗ f∗L)|x+y −→ 0
on C. Let
H 0(C, ξ ⊗ f∗L) σ−→ (ξ ⊗ f∗L)|x+y −→ H 1
(
C,ξ ⊗OC(−x − y) ⊗ f∗L
) (4)
be the corresponding long exact sequence of cohomologies. Now, from (3) we know that the
restriction homomorphism σ in (4) is surjective.
Therefore, the restriction homomorphism
H 0(C, ξ ⊗ f∗L) −→ (ξ ⊗ f∗L)x
is surjective for each k-rational point x of C.
Also, using the projection formula it follows that
H 0(C, ξ ⊗ f∗L) = H 0
(
M,(f ∗ξ) ⊗ L).
Combining these we conclude the following. The sections of the line bundle L⊗f ∗ξ over M
separate any pair of points of M , and also the sections separate tangent vectors.
In other words, the line bundle L ⊗ f ∗ξ is very ample. This completes the proof of the
lemma. 
Let EG be a strongly semistable principal G-bundle over C. Fix a line bundle ξ over C with
degree(ξ) > 2g.
Take any positive integer n. Since the character χ of P is strictly anti-dominant, it follows
immediately that the character χn of P is also strictly anti-dominant. Therefore, replacing the
character χ by the character χn in Lemma 2.1 we conclude that the line bundle L⊗n ⊗ f ∗ξ over
M = EG/P is very ample.
Let
Yn ⊂ M (5)
be a reduced smooth complete intersection curve obtained by intersecting hyperplanes in M lying
in the very ample complete linear system |L⊗n ⊗ f ∗ξ |.
For a line bundle η on a smooth projective variety Z, by [η] we will denote the image of η in
the group defined by the divisors on Z modulo rational equivalence. If dimZ = δ, and L1, . . . ,Lδ
are line bundles over Z, then
[L1] . . . [Lδ] ∈ Z
will denote the degree of the intersection of divisor classes associated to L1, . . . ,Lδ .
Proposition 2.2. The degree of the restriction of the line bundle L to the curve Yn (defined in (5))
is
degree(L|Yn) = dnd−1 · degree(τχ ) · degree(ξ),
where d := dimG/P and
degree(τχ ) := [τχ ]d ∈ Z (6)
with τχ being the line bundle over G/P defined by the character χ .
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degree(L|Yn) = [L]
(
n · [L] + f ∗[ξ ])d ∈ Z,
where f is the projection in (2). As [ξ ]2 = 0, we have
[L](n · [L] + f ∗[ξ ])d = nd · [L]d+1 + dnd−1 · degree(τχ ) · degree(ξ) ∈ Z.
Hence we have
degree(L|Yn) = nd · [L]d+1 + dnd−1 · degree(τχ ) · degree(ξ). (7)
On the other hand, we have
0 = [L]d+1 ∈ Z
(see [2, p. 26, (6.3)]). Therefore, from (7) it follows that
degree(L|Yn) = dnd−1 · degree(τχ ) · degree(ξ).
This completes the proof of the proposition. 
Theorem 2.3. Let EG be a strongly semistable principal G-bundle over C. Fix a proper par-
abolic subgroup P ⊂ G, and also fix a strictly anti-dominant character χ of P . Take any real
number  > 0. Then there is an irreducible smooth projective curve C˜ defined over k, a noncon-
stant morphism
φ : C˜ −→ C,
and a reduction of structure group
ÊP ⊂ φ∗EG
of the principal G-bundle φ∗EG to the subgroup P , such that the following holds:
degree(ÊP (χ))
degree(φ)
< , (8)
where ÊP (χ) is the line bundle over C˜ associated to the principal P -bundle ÊP for the character
χ of P , and degree(φ) ∈ N+ is the degree of the map φ.
Proof. Consider the complete intersection curve
ι :Yn ↪→ EG/P (9)
in Proposition 2.2. Let
fn :Yn −→ C (10)
be the restriction of the map f in (2) to Yn. The above inclusion map ι gives a reduction of
structure group
E
(n)
P ⊂ f ∗n EG (11)
of the principal G-bundle f ∗n EG over Yn to the parabolic subgroup P ⊂ G. To see this reduction
of structure group to P , consider the natural map
(f ∗n EG)/P = f ∗n (EG/P ) −→ EG/P.
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be the composition of it with the quotient map f ∗n EG −→ (f ∗n EG)/P . The subvariety E(n)P in
(11) is the inverse image of Yn ⊂ EG/P for this composition map.
Let E(n)P (χ) denote the line bundle over Yn associated to the principal P -bundle E
(n)
P for the
character χ of P . This line bundle E(n)P (χ) is evidently canonically identified with the pullback
ι∗L, where ι is the inclusion map in (9). Therefore, Proposition 2.2 gives that
degree
(
E
(n)
P (χ)
)= dnd−1 · degree(τχ ) · degree(ξ). (12)
Now we will compute the degree of the map fn in (10).
Take a general k-rational point x ∈ C. The degree of fn is the cardinality of the intersection
f−1(x) ∩ D1 ∩ · · · ∩ Dd , where Di ∈ |L⊗n ⊗ f ∗ξ | with Yn = D1 ∩ · · · ∩ Dd ; as before, d =
dimG/P and f is the projection in (2). From this and the fact that (f ∗[ξ ]) · (f ∗[ξ ]) = 0 we have
degree(fn) = f ∗
[OC(x)](n · [L] + f ∗[ξ ])d = nd · degree(τχ ), (13)
where degree(τχ ) is defined in (6).
Combining (12) and (13),
degree(E(n)P (χ))
degree(fn)
= d · degree(ξ)
n
.
Now we may take the pair (φÊP ) in the statement of the theorem to be the pair (fn,E(n)P ),
where n is sufficiently large, to conclude that (8) holds. This completes the proof of the theo-
rem. 
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